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1.(2) Show that the following abstract proposition is a contingency (i.e., neither a tautology,
nor a contradiction):

((¬a ∨ c)⇒ (a⇔ b)) ∧ ((¬c ∧ d)⇒ e) .

2. Let L be the set of all traffic lights at a crossing. Furthermore, let O be a binary predicate
on L, and let G, Y , and R be unary predicates on L with the following interpretations
for all `, `′ ∈ L:

O(`, `′) means ‘` and `′ are opposite to each other’ ,

G(`) means ‘` shows green’ ,

Y (`) means ‘` shows yellow’ , and
R(`) means ‘` shows red’ .

Give formulas of predicate logic that express the following statements:

(a)(1) Every traffic light shows green or red or yellow.

(b)(1) Distinct traffic lights do not both show green, unless they are opposite to each
other.

3.(3) Prove with a derivation (i.e., using the methods described in Part II of the book) that
the formula

∀x[P (x) ∨ ¬Q(x)]⇒ (∃y[¬P (y)]⇒∃z[Q(z)⇒R(z)])

is a tautology.

4.(2) Check whether the following formula holds for all sets A, B and C:

A ∈ P(B ∪ C)⇒A ∈ P(B) .

If so, then give a proof; if not, then provide a counterexample.

5. (a)(1) Give the formula for ‘H : C → B is a surjection’.

(b)(3) Let H : C → B be a surjection, and let G1 : B → A and G2 : B → A be mappings.
Prove that

∀z[z ∈ C : G1(H(z)) = G2(H(z))]⇒∀y[y ∈ B : G1(y) = G2(y)] .
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6.(3) Prove with induction on n ≥ 1 that 7 is a divisor of 8n − 1.

7. Define the relation R on N+ × N+ by

(k, `) R (m,n) if, and only if, k | m ∧ (k = m⇒ ` ≤ n) .

(a)(2) Prove that R is a (reflexive) ordering.

(b)(2) Make a Hasse diagram of 〈{1, 2, 3, 4} × {1, 2}, R〉.
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